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Abstract
The notion of a Douglas space of second kind of a Finsler space with (α, β)-
metric was introduced by I. Y. Lee [9]. Since then, so many geometers have studied
this topic e. g., [14]. In this paper, we prove that a Douglas space of second kind
with special (α, β)-metric α + ǫβ + k β
2
α
is conformally transformed to a Douglas
space of second kind. Further, we obtain some results which prove that a Douglas
space of second kind with certain (α, β)-metrics such as Randers metric, Kropina
metric, first approximate Matsumoto metric and Finsler space with square metric
is conformally transformed to a Douglas space of second kind.
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1 Introduction
The notion of Douglas space was introduced by S. Bacso and M. Matsumoto
[3] as a generalization of Berwald space from view point of geodesic equa-
tions. Also, they consider the notion of Landsberg space as a generalization
of Berwald space. Recently, the notion of weakly-Berwald space as another
generalization of Berwald space was introduced by S. Bacso and B. Szilagyi
[4]. It is remarkable that a Finsler space is a Douglas space if and only if the
Douglas tensor Dihjk vanishes identically [5].
The theories of Finsler spaces with an (α, β)-metric and Berwald spaces
with an (α, β)-metrics ([1], [11], [15]) have contributed alot to the develop-
ment of Finsler geometry [12]. The conformal theory of Finsler spaces was
introduced by M. S. Kneblman [7] in 1929 and this theory has been inves-
tigated in detail by M. Hashiguchi [6]. Later on Y.D. Lee [10] and B. N.
Prasad [16] found conformally invariant tensors in the Finsler space with
(α, β)-metric under conformal β-change.
The purpose of the present paper is to prove that a Douglas space of
second kind with a special (α, β)-metric given by L = α+ ǫβ + k β
2
α
, where ǫ
and k are constants is conformally transformed to a Douglas space of second
kind. Further, we obtain some results which prove that the Douglas space
of second kind with certain (α, β)-metrics such as Randers metric, Kropina
metric, first approximate Matsumoto metric and Finsler space with square
metric is conformally transformed to a Douglas space of second kind.
2 Preliminaries
A Finsler space F n = (Mn, L(α, β)) is said to be with an (α, β)-metric, if
L(α, β) is a positively homogenous function of α and β of degree one, where
α2 = aij(x)y
iyj and β = bi(x)y
i. The space Rn = (Mn, α) is called the
Riemannian space associated with F n. We shall use the following symbols
[12]:
bi = airbr, b
2 = arsbrbs
2rij = bi:j + bj:i, 2sij = bi:j − bj:i,
sij = a
irsrj, s
i
j = a
irsrj, sj = brs
r
j .
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The Berwald connection BΓ = {Gijk, G
i
j} of F
n plays an important role in
the present paper. Denote by Bijk, the difference tensor of G
i
jk from γ
i
jk:
Gijk(x, y) = γ
i
jk(x) +B
i
jk(x, y). (1)
With the subscript 0, transvecting by yi, we have
Gij = γ
i
oj +B
i
j and 2G
i = γi00 + 2B
i, (2)
and then Bij = ∂˙jB
i and Bijk = ∂˙kB
i
j.
The geodesics of an n-dimensional Finsler space F n = (Mn, L) are given
by the system of differential equations [6]
d2xi
dt2
yj −
d2xj
dt2
yi + 2(Giyj −Gjyi) = 0; yi =
dxi
dt
, (3)
in a parameter t. The spray function Gi(x, y) is given by
2Gi(x, y) = gij(yr∂˙j∂rF − ∂jF ) = γ
i
jky
jyk, (4)
where ∂˙i =
∂
∂xi
, F = L
2
2
, γijk are the Christoffel symbols constructed from
gij(x, y) with respect to x
i and gij(x, y) is the inverse of the metric tensor
gij(x, y).
It is well known [3] that a Finsler space F n becomes a Douglas space if
and only if the Douglas tensor
Dhijk = G
h
ijk −
1
n+ 1
(Gijky
h +Gijδ
h
k +Gjkδ
h
i +Gkiδ
h
j ), (5)
vanishes identically, where Ghijk =
˙∂kGhij is the hν-curvature tensor of the
Berwald connection BΓ.
Further, a Finsler space F n is said to be a Douglas space [13], if
Dij = Gi(x, y)yj −Gj(x, y)yi, (6)
are homogenous polynomials in (yi) of degree three.
Differentiating (6) by ym and contracting m and j in the obtained equa-
tion, we have
Dimm = (n+ 1)G
i −Gmmy
i. (7)
Thus a Finsler space F n becpmes a Douglas space of the second kind if and
only if (7) are homogenous polynomials in (yi) of degree two.
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Definition 2.1. A Finsler space F n is said to be a Douglas space of second
kind if Dimm = (n+1)G
i−Gimm y
i is a homogenous polynomial in (yi) of degree
two.
On the other hand, a Finsler space with an (α, β)-metric is said to be a
Douglas space of second kind if and only if
Bimm = (n+ 1)B
i −Bmmy
i, (8)
are homogenous polynomials in (yi) of degree two, where Bmm is given by [8].
Furthermore, differentiating the above with respect to yh, yj and yk, we
get
Bimhjkm = B
i
hjk = 0. (9)
Definition 2.2. A Finsler space F n with (α, β)-metric is said to be a Dou-
glas space of second kind, if Bimm = (n + 1)B
i − Bmmy
i is a homogenous
polynomial in (yi) of degree two.
3 Douglas Space of second kind with (α, β)-
metric
In this section, we deal with the condition for a Finsler space with an (α, β)-
metric to be a Douglas space of second kind.
Let Gi(x, y) be the spray function of a Finsler space F n with an (α, β)-
metric. According to [11], Gi(x, y) is written in the form
2Gi = γi00 + 2B
i,
Bi =
αLβ
Lα
si0 + C
∗
[βLβ
αL
yi −
αLαα
Lα
(yi
α
−
αbi
β
)]
, (10)
where
C∗ =
αβ(r00Lα − 2αs0Lβ)
2(β2Lα + αγ2Lαα)
,
γ2 = b2α2 − β2. (11)
Since γi00 = γ
i
jk(x)y
jyk is hp(2), equation (10) yields
Bij =
αLβ
Lα
(si0y
j − sj0y
i) +
α2Lαα
βLα
C∗(biyj − bjyi). (12)
By means of (6) and (12), we have the following lemma [13] :
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Lemma 3.1. A Finsler space F n with an (α, β)-metric becomes a Douglas
space if and only if Bij = Biyj − Bjyi are hp(3).
Differentiating (12) with respect to yh, yk, yp and yq, we have Dijhkpq = 0,
which are equivalent of Dimhkpm = (n + 1)D
i
hkp = 0. Thus, if a Finsler space
F n satisfies the condition Dijhkpq = 0, we call it Douglas space. Further
differentiating (12) by ym and contracting m and j in the obtained equation,
we obtain
Bimm =
(n+ 1)αLβs
i
0
Lα
+
α{(n+ 1)α2ΩLααb
i + βγ2Ayi}r00
2Ω2
−
α2{(n+ 1)α2ΩLβLααb
i +Byi}s0
LαΩ2
−
α3Lααy
ir0
Ω
, (13)
where
Ω = (β2Lα + αγ
2Lαα), provided that Ω 6= 0,
A = αLαLααα + 3LαLαα − 3α(Lαα)
2,
B = αβγ2LαLβLααα + β{(3γ
2 − β2)Lα − 4αγ
2Lαα}LβLαα + ΩLLαα. (14)
We use the following result [9]:
Theorem 3.1. The necessary and sufficient condition for a Finsler space F n
with an (α, β)-metric to be a Douglas space of second kind is that, Bimm are
homogenous polynomials in (ym) of degree two, where Bimm is given by (13)
and (14), provided that Ω 6= 0.
4 Conformal change of Douglas space of sec-
ond kind with (α, β)-metric.
In the present section, we find the condition on conformal change, so that a
Douglas space of second kind with (α, β)-metric is conformally transformed
to a Douglas space of second kind.
Let F n= (Mn, L) and F¯n = (Mn, L¯) be two Finsler spaces on the same
underlying manifoldMn. If we have a function σ(x) in each coordinate neigh-
bourhoods of Mn such that L¯(x,y) = eσL(x, y), then F n is called conformal
to F¯n and the change L →L¯ of metric is called a conformal change.
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A conformal change of (α, β)-metric is given as (α, β) → (α¯, β¯) , where
α¯ = eσα and β¯ = eσβ. Therefore, we have
a¯ij = e
2σaij , b¯i = e
σbi (15)
a¯ij = e−2σaij, b¯i = e−σbi (16)
and b2 = aijbibj = a¯
ij b¯ib¯j . Thus, we state the following theorem for further
use:
Theorem 4.1. A Finsler space with (α, β)-metric with the length b of bi with
respect to the Riemannian metric α is invariant under any conformal change
of (α, β)-metric.
From (16), it follows that the conformal change of Christoffel symbols is
given by [6]:
γ¯ijk = γ
i
jk + δ
i
jσk + δ
i
kσj − σ
iajk, (17)
where σj = ∂jσ and σ
i = aijσj .
From (16) and (17), we have the following identities:
▽¯j b¯i = e
σ(▽jbi + ρaij − σibj),
r¯ij = e
σ[rij + ρaij −
1
2
(biσj + bjσi)],
s¯ij = e
σ[sij +
1
2
(biσj − bjσi)],
s¯ij = e
−σ[sij +
1
2
(biσj − bjσ
i)],
s¯j = sj +
1
2
(b2σj − ρbj), (18)
where ρ = σrb
r.
From (17) and (18), we can easily obtain the following:
γ¯i00 = γ
i
00 + 2σ0y
i − α2σj , (19)
r¯00 = e
σ(r00 + ρα
2 − σ0β), (20)
s¯i0 = e
−σ[si0 +
1
2
(σs0b
i − βσi)], (21)
s¯0 = s0 +
1
2
(σ0b
i − ρβ). (22)
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Next, we find the conformal change of Bij given in (12). We have L¯(α, β) =
eσL(α, β), and
L¯α¯ = Lα, L¯α¯α¯ = e
−σLαα, L¯β¯ = Lβ , γ¯
2 = e2σγ2. (23)
By using (11), (22), (23) and theorem (3.1), we obtain
C¯∗ = eσ(C∗ +D∗), (24)
where
D∗ =
αβ[(βα2 − σ0β)Lα − α(b
2σ0 − ρβ)Lβ]
2(β2Lα + αγ2Lαα)
. (25)
Hence, under the conformal change Bij can be written as:
B¯ij =
αLβ
Lα
(si0y
j − sj0y
i) +
α2Lαα
βLα
C∗(biyj − bjyi)
+
(ασ0Lβ
Lα
+
α2Lαα
βLα
D∗
)
(biyj − bjyi)−
αβLβ
2Lα
(σiyj − σjyi),
= Bij + C ij ,
where
C ij =
(ασ0Lβ
Lα
+
α2Lαα
βLα
D∗
)
(biyj − bjyi)−
αβLβ
2Lα
(σiyj − σjyi).
From (14), we have
Ω¯ = e2σΩ, A¯ = e−σA, B¯ = e2σB. (26)
Now, we apply conformation transformation to Bimm , and obtain
B¯imm = B
im
m +K
im
m , (27)
where
2Kimm =
(n+ 1)αLβ
Lα
(σ0b
i − βσi) + α
{(n+ 1)α2ΩLααbi + βγ2Ayi
Ω2
}
(ρα2 − σ0β)
−
[α2{(n+ 1)α2ΩLβLααbi +Byi}
LαΩ2
−
α3Lααy
i
Ω
]
(b2σ0 − ρβ). (28)
Thus, we have the following result:
Theorem 4.2. The necessary and sufficient condition for a conformal change
of Douglas space of the second kind to be a Douglas space of second kind, is
that Kimm (x) are homogenous polynomial in (y
i) of degree two.
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5 Conformal change of Douglas space of sec-
ond kind with special (α, β)-metric L = α +
ǫβ + kβ
2
α
Let us consider a Finsler space with special (α, β)-metric
L = α + ǫβ + k
β2
α
, (29)
where ǫ and k are constants.
Then, from (29), we can easily find
Lα = 1−
kβ2
α2
,
Lβ = ǫ+
2kβ
α
, (30)
Lαα = 2k
β2
α3
,
Lααα =
−6kβ2
α4
.
Hence, from (14), we have
Ω =
−3kβ4 + (1 + 2kb2)α2β2
α2
,
A =
−12k2β4
α5
, (31)
B =
2k
α6
{
(1 + 2kb2)α4β4 − 6ǫkb2α3β5 − 2k(2 + 7kb2)α2β6
+6ǫkαβ7 + 15k2β8
}
.
Thus, Kimm in (28), reduces to
2Kimm =
(n + 1)(ǫα3 + 2kαβ)(σ0b
i − βσi)
(α2 − kβ2)
+ p1 + p2 + p3 + p4, (32)
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where
p1 =
(n + 1)bi
{kβ4 − (1− 2kb2)α2β2}2
{
2kρ(1− 2kb2)α6β4 − 2k2ρα4β6 − 12k2ρb2α2β7yi
−(1− 2kb2)2kσ0α
4β5 + (σ0 − 6ρy
i)2k2α2β7 + 12k2σ0b
2α2β6yi − 12k2σ0β
8yi
}
,
p2 =
−12k2β5γ2(ρα2 − σ0β)y
i
{(1 + 2kb2)α2β2 − 3kβ4}2
,
p3 =
2k(b2σ0α
2yi − ρα2βyi)
(α2 − kβ2){(1 + 2kb2)α2β2 − 3kβ4}2
{
(1 + 2kb2)α4β4 − 6ǫkb2α3β5
−2k(2 + 7kb2)α2β6 + 6ǫkαβ7 + 15k2β8
}
,
p4 =
2kb2α2yiσ0 − 2kρα
2βyi
(1 + 2kb2)α2 − 3kβ2
.
which shows that Kimm is a homogenous polynomial in (y
i) of degree two.
Hence, we have the following theorem:
Theorem 5.1. A Douglas space of second kind with special (α, β)-metric
L = α + ǫβ + k β
2
α
, where ǫ and k are constants, is conformally transformed
to a Douglas space of second kind.
From theorem 5.1, we can easily prove that a Douglas space of second
kind for certain Finsler spaces with (α, β)-metric is conformally transformed
to a Douglas space of second kind. We have the following cases.
Case (i). If ǫ = 1 and k = 0, the special (α, β)-metric reduces to L = α + β,
which is the well known Randers metric. In this case, 2Kimm reduces to
2Kimm = (n+ 1)α(σ0b
i − βσi), (33)
which shows that Kimm is a homogenous polynomial in (y
i) of degree
two.
Hence, we have the following:
Corollary 5.1. A Douglas space of second kind with Randers metric
L = α + β, is conformally transformed to a Douglas space of second
kind.
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Case (ii). If ǫ = 0 and k = 1, the special (α, β)-metric reduces to L = α+ β
2
α
. In
this case, 2kimm reduces to
2Kimm =
(n + 1)(2αβ)(σ0b
i − βσi)
(α2 − β2)
+ q1 + q2 + q3 + q4, (34)
where
q1 =
(n + 1)bi
{β4 − (1− 2b2)α2β2}2
{
2ρ(1− 2b2)α6β4 − 2ρα4β6 − 12ρb2α2β7yi
−(1 − 2b2)2σ0α
4β5 + (σ0 − 6ρy
i)2α2β7 + 12σ0b
2α2β6yi − 12σ0β
8yi
}
,
q2 =
−12β5γ2(ρα2 − σ0β)y
i
{(1 + 2b2)α2β2 − 3β4}2
,
q3 =
2(b2σ0α
2yi − ρα2βyi)
(α2 − β2){(1 + 2b2)α2β2 − 3β4}2
{
(1 + 2b2)α4β4 − 2(2 + 7b2)α2β6
+15β8
}
,
q4 =
2b2α2yiσ0 − 2ρα
2βyi
(1 + 2b2)α2 − 3β2
.
This shows that Kimm is a homogenous polynomial in (y
i) of degree two.
Hence, we have the following:
Corollary 5.2. A Douglas space of second kind with special (α, β)-
metric L = α + β
2
α
is conformally transformed to a Douglas space of
second kind.
Case (iii). If ǫ = 1 and k = 1, the special (α, β)-metric reduces to the form L =
α + β + β
2
α
, which is the first approximate Matsumoto metric. In this
case, 2Kimm reduces to
2Kimm =
(n+ 1)(α3 + 2αβ)(σ0b
i − βσi)
(α2 − β2)
+ r1 + r2 + r3 + r4, (35)
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where
r1 =
(n+ 1)bi
{β4 − (1− 2b2)α2β2}2
{
2ρ(1− 2b2)α6β4 − 2ρα4β6 − 12ρb2α2β7yi
−(1− 2b2)2σ0α
4β5 + (σ0 − 6ρy
i)2α2β7 + 12σ0b
2α2β6yi − 12σ0β
8yi
}
,
r2 =
−12β5γ2(ρα2 − σ0β)y
i
{(1 + 2b2)α2β2 − 3β4}2
,
r3 =
2(b2σ0α
2yi − ρα2βyi)
(α2 − β2){(1 + 2b2)α2β2 − 3β4}2
{
(1 + 2b2)α4β4 − 6b2α3β5
−2(2 + 7b2)α2β6 + 6αβ7 + 15β8
}
,
r4 =
2b2α2yiσ0 − 2ρα
2βyi
(1 + 2b2)α2 − 3β2
.
This shows that Kimm is a homogenous polynomial in (y
i) of degree two.
Hence, we have the following:
Corollary 5.3. A Douglas space of second kind with first approximate
Matsumoto metric L = α + β + β
2
α
is conformally transformed to a
Douglas space of second kind.
Case (iv). If ǫ = 2 and k = 1, the special (α, β)-metric reduces to the form L =
(α+β)2
α
, which is known as square metric. In this case, 2Kimm reduces to
2Kimm =
(n+ 1)(2α3 + 2αβ)(σ0b
i − βσi)
(α2 − β2)
+ s1 + s2 + s3 + s4, (36)
where
s1 =
(n+ 1)bi
{β4 − (1− 2b2)α2β2}2
{
2ρ(1− 2b2)α6β4 − 2ρα4β6 − 12ρb2α2β7yi
−(1− 2b2)2σ0α
4β5 + (σ0 − 6ρy
i)2α2β7 + 12σ0b
2α2β6yi − 12σ0β
8yi
}
,
s2 =
−12β5γ2(ρα2 − σ0β)y
i
{(1 + 2b2)α2β2 − 3β4}2
,
s3 =
2(b2σ0α
2yi − ρα2βyi)
(α2 − β2){(1 + 2b2)α2β2 − 3β4}2
{
(1 + 2b2)α4β4 − 12b2α3β5
−2(2 + 7b2)α2β6 + 12αβ7 + 15β8
}
,
s4 =
2b2α2yiσ0 − 2ρα
2βyi
(1 + 2b2)α2 − 3β2
,
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which shows that Kimm is a homogenous polynomial in (y
i) of degree
two.
Hence, we have the following:
Corollary 5.4. A Douglas space of second kind with square metric
L = (α+β)
2
α
is conformally transformed to a Douglas space of second
kind.
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